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This paper presents a three-phase state estimation method for distribution network which can accommo-
date large number ampere measurements and voltage measurements. In this method, the power on send-
ing end of branch and the square of branch current magnitude are chosen as the state variables.
Therefore, measurement functions of ampere and voltage measurements are significantly simplified
and no measurements transformation is needed in this method. Furthermore, a novel robust state
estimation model is presented, which can suppress bad data automatically. The observability analysis
indicates the proposed method can be used in distribution system with very limited measurements.
Numerical tests on radial and weak-meshed network show the real-time branch current measurements
can significantly improve the accuracy of estimation results.
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1. Introduction

Distribution system state estimation is used to estimate the
system states with very limited real-time measurements. It is a
critical module in modern distribution management system
(DMS).

For a typical urban distribution system, there are many branch
current measurements along the feeders with very few voltage
and power measurements, which make distribution system state
estimation problem very challenging. Many encouraging works
have been done for distribution system. These methods can be
roughly classified into three categories according to different state
variables are used, which are suitable for different measurements
configurations.
1.1. Node voltage based method [1,2]

In this type of methods, the node voltages are selected as state
variables. And the power measurement and branch current magni-
tude measurements are transformed into equivalent branch and
bus injection current vector to make the Jacobian matrix constant
and improve calculation efficiency. Due to the measurement trans-
formation, the weights of the real measurements and their corre-
sponding transformed measurements are not equivalent, which
may lead to extra errors in the estimation results.
ll rights reserved.

u).
1.2. Branch current vector based method [3,4]

Compared with the conventional node-voltage-based methods,
the branch current vectors are selected as state variables in this
type of methods. The voltage measurements are omitted and the
power measurements and load pseudo-measurements are trans-
formed into equivalent branch current vector and injection current
vector by pre-calculated node voltage vectors. This method has
good performance both in computation speed and memory
requirements. The main shortage of the method is measurements
transformation is needed, which may introduce extra errors. In
Ref. [13], some special state variables are chosen to overcome this
shortage, but this method can only be used for radial network.

1.3. Branch power based method [5,6]

In this type of methods, the whole problem is decomposed into
a series of sub-problems and each sub-problem will deal with only
single-branch state estimation. It is extremely efficient, but the
solution of these methods cannot guarantee to global optimum.

Because of the limited number of real-time measurements in the
distribution system, pseudo-measurements (especial the loads’
pseudo-measurements) are necessary for distribution system state
estimator. In Ref. [7], a Gaussian mixture model is used to formulate
load probability distribution functions (PDFs), and the expectation
maximization algorithm is used to obtain the parameters of the
mixture components. The loads’ pseudo-measurement is described
as fuzzy number in [8]. Ref. [9] proposed a ARMR based load estima-
tion model according to the data recorded in automated meter
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Fig. 1. Exponential square objective function for expð�r2
siÞ.
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reading (AMR) system. Ref. [10] presents a load modeling technique
which incorporates the customers’ billing information.

In this paper, a novel state estimation method is proposed, in
which the branch current measurements and voltage measure-
ments are directly formulated in a robust estimation model with-
out measurements transformation. Due to the special chosen
state variables, the measurement functions are quite simple. Fur-
thermore, the proposed method can suppress bad data automati-
cally when there are redundant ampere measurements. The
proposed method is suitable both for radial and meshed distribu-
tion network with large number of branch current measurements.

The paper is organized as following. The estimation model and its
measurement functions are introduced in Section 2. Section 3 pre-
sents an observability analysis for this proposed method. Numerical
tests both for radial and weakly meshed distribution networks are
given in Section 4, followed by a conclusion in Section 5.
2. Problem modeling

The following symbols are used in this paper:

Iij is three phase branch i � j current magnitude vector;

Aij I2
ijðaÞ I2

ijðbÞ I2
ijðcÞ

h iT
is three phase square of branch i � j cur-

rent magnitude vector; I2
ijðaÞ; I

2
ijðbÞ; I

2
ijðcÞ are square of phase a, b

or c current magnitude respectively.
Pji, Qij are three phase active and reactive power vector on the
sending end of branch i � j(i represents the sending node);
Pji, Qji are three phase active and reactive power vector on the
receiving end of branch i � j(j represents the receiving node).
Vi is three phase voltage magnitude vector of node i.
Pji, Qi are three phase injection active and reactive power vector
of node i.
Zij are the impedance matrix of branch i � j with phases.
Xci is the shunt reactance matrix at node i including line charg-
ing and any shunt capacitive or inductive reactance; (.)m

denotes measurement.

The power on sending end of branch Pij, Qij and the square of
branch current magnitude Aij are chosen as the state variables in
this method. To make more readable, a superscript x is used to
mark the state variables. For example, Px

ij;Q
x
ij and Ax

ij represent
the power on sending end of branch and the square of branch
current magnitude respectively.

2.1. Robust estimation model

Distribution system state estimation is to solve an over-deter-
mined set of nonlinear equations as:

z ¼ hðxÞ þ e ð1Þ

where x is the state vector, the element is Px
ij;Q

x
ij or Ax

ij in this paper;
z, h and e are m � 1 measurement vector, measurement function
vector and measurement error vector respectively.

A robust state estimation model with ability to suppress bad
data, which is formulated as an optimization problem with an
exponential square objective function:

max
x

JðxÞ ¼
Xm

i¼1

wi exp �ðzi � hiðxÞÞ2

2r2

 !

¼
Xm

i¼1

wi expð�r2
siÞ

s:t cðxÞ ¼ 0

ð2Þ
where wi is the weight for ith measurement, r is a constant number,
rsi ¼ ðzi � hiðxÞÞ=

ffiffiffi
2
p

r is the weighted residual error. c(x) = 0 is the
p � 1 zero injection vector equation and other equality constraints.

It can be seen from (2) that this estimator is a special M-
estimator. The objective function in (2) is continuously differentia-
ble, so conventional optimization methods can be used. On the
other hand, this function has an interesting property which leads
to a strong ability to suppress bad data.

expð�r2
siÞ in (2) can be depicted with line as shown in Fig. 1. For

a bad measurement, its residual |rsi| will be relatively large, so
expð�r2

siÞ � 0. So measurements with large residual error will not
affect estimation results, which ensure the robustness of the
method.

2.2. Estimation model for radial network

For a radial distribution system as shown in Fig. 2, the state
variables are Px

ij;Q
x
ij and Ax

ij (i = 1,2, . . .,n � 1; j = 2,3, . . .,n).
The measurement functions used in the proposed estimation

model (2) can be described as followings:

(1) Branch current measurement function
ðAijÞm ¼ Ax
ij ð3Þ
(2) Function of power measurement on sending end of branch
ðPijÞm ¼ Px
ij ð4Þ

ðQ ijÞ
m ¼ Q x

ij ð5Þ
(3) Functions of power measurement on receiving end of branch
ðPji þ jQ jiÞ
m ¼ Px

ij þ jQ x
ij � Ax

ijZij ð6Þ
(4) Node injection power measurement functions
ðPj þ jQ jÞ
m ¼

X
i2j

ðPx
ij þ jQ x

ijÞ �
X
i2j

Ax
ijZij �

X
k2j

ðPx
jk þ jQ x

jkÞ

þ jV2
j Xcj ð7Þ
where, i e j represents node i is connected to node j; k e j represents
node k is connected to node j.
Fig. 2. Radial distribution network.



Fig. 3. Meshed distribution network.
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(5) Square of voltage measurement function
ðV2
j Þ

m ¼ jPx
jk þ jQ x

jkj
2diag

1
Ax

jkðaÞ
;

1
Ax

jkðbÞ
;

1
Ax

jkðcÞ

 !
ð8Þ
(6) Voltage constraint measurement function

0 ¼ jPx
ij þ jQ x

ij � Ax
ijZijj2diag

1
Ax

ijðaÞ
;

1
Ax

ijðbÞ
;

1
Ax

ijðcÞ

 !
� jPx

jk

þ jQ x
jkj

2diag
1

Ax
jkðaÞ

;
1

Ax
jkðbÞ

;
1

Ax
jkðcÞ

 !
ð9Þ

The voltage constraint measurement function (9), for each branch
except the root branch, can be derived as following:

As shown in Fig. 3, there are two branches i � j and j � k con-
nected to node j. The voltage of node j can both be calculated from
branch i � j and j � k respectively:

V2
j ¼ jP

x
ij þ jQ x

ij � Ax
ijZijj2diag

1
Ax

ijðaÞ
;

1
Ax

ijðbÞ
;

1
Ax

ijðcÞ

 !
ð10Þ

V2
j ¼ jP

x
jk þ jQ x

jkj
2diag

1
Ax

jkðaÞ
;

1
Ax

jkðbÞ
;

1
Ax

jkðcÞ

 !
ð11Þ

Combined Eqs. (10) and (11), Eq. (9) can be derived. This equation
should be both formulated as measurement function h(x) and
equality constraint c(x) in the state estimation model (2).

In this estimation model, there are nine unknown variables
ðAx

ij;P
x
ij;Q

x
ijÞ for each branch, so three extra unknown variables

existed than conventional method. Fortunately, there is three extra
voltage constraint measurement functions (defined in Eq. (9)) for
each branch with three phases, so these extra unknown variables
do not affect the system’s observability.

2.3. Estimation model for meshed network

A meshed network as shown in Fig. 3 can be translated into
equivalent radial network as shown in Fig. 4 by adding breakpoints
to open loops [11].

For a meshed network, following measurement functions
should be added for the estimation model according to the equiv-
alent network as shown in Fig. 4.
Fig. 4. Equivalent radial distribution network with breakpoints.
(1) Voltage measurement function of break point
ðV2
l Þ

m ¼ jPx
kl þ jQ x

klj
2diag

1
Ax

klðaÞ
;

1
Ax

klðbÞ
;

1
Ax

klðcÞ

 !
ð12Þ
(2) Voltage constraint measurement function of break point
jPx
kl þ jQ x

kl � Ax
klZklj2diag

1
Ax

klðaÞ
;

1
Ax

klðbÞ
;

1
Ax

klðcÞ

 !

¼ jPx
nl þ jQ x

nl � Ax
nlZnlj2diag

1
Ax

nlðaÞ
;

1
Ax

nlðbÞ
;

1
Ax

nlðcÞ

 !
ð13Þ
This equation is formulated as equality constraint in the state esti-
mation model.

(3) Injection power measurement functions of break point
ðPl þ jQ lÞ
m ¼ Px

kl þ jQ x
kl þ Px

nl þ jQ x
nl � Ax

klZkl � Ax
nlZnl

þ jV2
l Xcl ð14Þ
Compared with the radial network state estimation model, the
meshed network state estimation model has three extra voltage
equality constraints on every breakpoint.

3. Observability analysis

For a radial network with n branches, there are 9 � n state vari-
ables in this estimation model which has more 3 � n variables than
the conventional estimation method. Actually these extra unknown
variables do not need extra measurements to guarantee system
observable.

In the radial network, extra 3 � (n � 1) voltage constraint mea-
surement functions (defined in Eq. (9)) are included. Thus,
6 � n + 3 measurement functions are at least needed to solve the
proposed estimation model. If all the load pseudo-measurements
(including the zero injection) are generated, 6 � n measurement
functions are provided. If the roots of feeders have voltage measure-
ments, three voltage measurement functions are provided. Then the
observability requirement is satisfied. The real-time branch current
measurements, other power and voltage measurements can be
used to improve the accuracy of estimation results in this method.

For a meshed network with n branches, m loops and n �m + 1
nodes, 9 � n state variables are used in this estimation method.
Besides 3 � n voltage constraint measurement functions and
6 � (n �m) load pseudo-measurements (including the zero injec-
tion) and three voltage measurements on root bus, 6 �m � 3 extra
measurements are needed in this situation. For each loop, two
extra branch current (or power) measurements are needed. Fortu-
nately, there are always many real-time current measurements
on branches of a loop to monitor whether there is any overload phe-
nomenon in reality. Therefore, this observability requirement can
be easily satisfied in meshed distribution system in field applica-
tion. And other real-time measurements can be used to improve
the accuracy of estimation results. This state estimation model
can also be used in identifying best location to place meters [15,16].

4. Solution

To solve the estimation model (2), a Lagrange function can be
built as:

L ¼ JðxÞ þ kT cðxÞ ð15Þ

The first-order optimality conditions for Lagrange function (15) are
derived:

@L
@x ¼

Xm

i¼1

@xi
@x þ

Xp

j¼1

@cjðxÞ
@x kj ¼ HT WðxÞðz� hðxÞÞ þ cTk ¼ 0

@L
@k ¼ �cðxÞ ¼ 0

8>><
>>: ð16Þ
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Fig. 5. A 69 nodes radial distribution network.

Fig. 6. The RMS of estimation error for load power for Case 1. Fig. 7. The RMS of estimation error for load power for Case 2.
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where H is the m � n measurement Jacobi matrix as used in tradi-
tional Weight Least Square state estimation. W(x) is a m �m diag-
onal matrix with the ith diagonal element:

WiiðxÞ ¼ xiðxÞ=r2 ð17Þ

and

xiðxÞ ¼ wi exp �ðzi � hiðxÞÞ2

2r2

 !
ð18Þ

Non-linear algebra Eq. (16) can be solved by Newton method with
following differential matrices (Like in the WLS estimator, oH/ox
is ignored and an approximate Hessian matrix is used):

@2L
@x2 ¼ �HT W I� diag ðz�hðxÞÞ2

r2

n oh i
H

@2L
@k@x ¼ C

ð19Þ

C is the p � n Jacobi matrix for the zero-injection equation.
The iteration formulation is then as follows:
HT W I� diag ðz�hðxðkÞÞÞ2
r2

n o� �
H CT

C 0

" #
Dx
�k

� �
¼

HT Wðz� hðxðkÞÞÞ
�cðxðkÞÞ

2
64

3
75
ð20Þ

xðkþ1Þ ¼ xðkÞ þ Dx ð21Þ
Remark 1. Due to the special state variables, all the measurement
functions are simple and straightforward. The proposed method
has no trigonometric calculation and has a good performance. The
interior point optimization method can also be used to solve this
estimation model [14].

The condition number of the coefficient matrix in Eq. (20) can be
improved by simply scaling the Lagrangian multipliers in (15) [20]:

L ¼ aJðxÞ þ kT cðxÞ ð22Þ



Table 1
Comparison of two different state estimation methods’ results for Case 2 at coverage
rate g = 1.

State estimation method RMS of load
estimation error
(Phase A)/p.u

Iteration
numbers

Convergence
judgment

State estimation method
with measurement
transformation [1]

1.22E�03 5 ||Dx||2 < 10�5

State estimation method
proposed in this paper

1.15E�03 5 ||Dx||2 < 10�5

Table 3
State estimation result (Phase A) with bad data.

Bus no. Load true value
(Phase A)

Load estimation
result (Phase A)

Load estimation
error (Phase A)

P (kW) Q (kVAr) P (kW) Q (kVAr) P (kW) Q (kVAr)

36 64.3 56.8 64.60 58.6 0.30 1.8
37 128 91.5 127.00 91.8 �1.00 0.3

Branch Current true
value (Phase A)
(A)

Estimation
result (Phase
A) (A)

Current estimation
error (Phase A) (A)

Ln 36–37 43.36 43.37 0.01

W. Wu et al. / Electrical Power and Energy Systems 43 (2012) 839–848 843
The iteration formulation is then as follows:

aHT WðI� diag ðz�hðxðkÞÞÞ2
r2

n o
ÞH CT

C 0

" #
Dx
�k

� �
¼ aHT Wðz� hðxðkÞÞÞ
�cðxðkÞÞ

" #

ð23Þ

where a is chosen as a ¼ 1
max WiiðxÞ

.

5. Numerical tests

5.1. Sixty nine nodes distribution system

To illustrate the performance of the proposed method, numeri-
cal tests on 69 nodes distribution system with radial and meshed
networks were done.

Branch current measurement coverage rate g is defined as:

g ¼ nm�branch

nbranch
� 100% ð24Þ

where nm-branch is the number of branch current magnitude mea-
surements, nbranch is the total number of branches. Obviously,
g = 1 means each branch has a current measurement.

To characterize the estimation accuracy, the RMS (root of mean
square) of estimation error for load power is defined as:

rLoadð/Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
jPloadið/Þ � Pse

loadið/Þj
2 þ

P
jQ loadið/Þ � Q se

loadið/Þj
2

2nLoad

s
ð25Þ

where nLoad is the number of loads, Ploadi(/), Qloadi(/) are respectively
the true value of the ith load / phase active power and reactive
power measurement, Pse

loadið/Þ;Q
se
loadið/Þ are respectively the estimated

value of the ith load / phase active power and reactive power
measurement.

In the numerical tests, all the measurement errors were ran-
domly generated complying with Gaussian distribution.

ðzÞm ¼ hflow � ð1þ errÞ ð26Þ

where err is random error complying with Gaussian distribution,
hflow is the true value from power flow result and (z)m is measure-
ment value.

Besides current measurements and load pseudo-measurements,
the voltage measurement and power measurements are only
placed on root nodes and root branches of feeders in the test sys-
tems which is consistent with real measurements configuration
in reality.
Table 2
Bad measurement data.

Branch Type Measurement value of branch
current (Phase A) (A)

Base power flow
value (Phase A) (A)

Measure
value (P

Ln 36–
37

Ampere 130.09 43.36 43.33
The weight of load pseudo-measurements is 0.1, and weight of
other measurements are all 100 in the following numerical tests.
The converge criterion of state estimation is defined as
||Dx||2 < 10�5 and the parameter r in estimation model is specified
as

ffiffiffiffiffiffiffi
0:1
p

.

5.1.1. Radial network
The 69 nodes distribution system with radial network is shown

in Fig. 5 which is firstly presented in Ref. [12]. Based on the original
network configuration, capacitors are added on node 18, 47, 52, 58
and 89 respectively and their reactance are all 1068.504 X for each
phase. The power base SB = 10 MVA and line voltage base
VB = 12.66 kV.

Totally three different cases with different measurements errors
are generated in this test. In each case there are four tests, with dif-
ferent branch current measurements coverage rates, are calculated
to illustrate how branch current measurements improve the esti-
mation results.

Case 1: The error mean value of node voltage, root injection
power and branch current measurements is 0 and their error vari-
ances is 1e�7; The error mean value of load pseudo-measurements
is 0 and their variance is 0.05. The three phase base power flow re-
sults are shown Appendix A Table A1, which are three phase unbal-
anced. The branch current measurements coverage rates are 0, 0.3,
0.6 and 1 respectively for each test. And the placements of branch
current measurements are listed in Appendix A Table A2. The state
estimation results at coverage rate g = 1 are listed in Appendix A
Table A3, in which the maximum load state estimation error is
3 kW at bus 50. It can be seem that the estimation results can be
very accurate for high branch current measurements coverage rate.

Case 2: The error variance of load pseudo-measurements in-
creases to 0.1, the configuration of other measurements remains
unchanged for all the four tests. The RMS of estimation errors of
load power (rLoad(/)) for case 1 and case 2 with different branch cur-
rent measurement coverage rates are shown in Figs. 6 and 7.

It can be seen from Figs. 6 and 7 that the branch current measure-
ments can significantly improve the accuracy of estimation result of
load power. The accuracy of load power pseudo-measurements’ esti-
mation results increases when the number of branch current mea-
surements grow. Comparing with Figs. 6 and 7, it can be concluded
that real-time branch current measurements have better effect on
improving the accuracy of load power pseudo-measurements’
estimation result for those with larger error variances.
ment
hase B) (A)

Base power flow
value (Phase B) (A)

Measurement
value (Phase C) (A)

Base power flow
value (Phase C) (A)

43.33 43.40 43.40
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Fig. 8. Sixty nine nodes weak meshed distribution network.

Fig. 9. The RMS of estimation error for meshed distribution network with different
branch current measurements coverage rates.

Table 4
Field data of one distribution network in China.

Number Measurement configuration

Nodes 25,996 –
Feeders 239 239 Voltage magnitude measurements, active and

reactive power at the root of feeder
Loads 12,787 11,350 Power measurements for each load from AMR
Branches 35,499 2141 Branch current magnitude measurements

Table 5
State estimation results in field application.

RMS of
estimation
error for load
measurements

Maximum load
measurements
estimation
error

RMS of estimation
error for branch
current
measurements (A)

Maximum
estimation error for
branch current
measurements (A)

P
(kW)

Q
(kVAr)

P
(kW)

Q
(kVAr)

3.14 5.51 11.5 15.5 0.09 0.23
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In the state estimation method proposed in [1], all branch cur-
rent magnitude measurements should be transformed into virtual
complex branch current measurements and all load power mea-
surements should be transformed to virtual complex node injection
measurements, which may lead to extra estimation error. For the
proposed method in this paper, no measurements transformation
are needed. These two methods have been tested for Case 2 at cov-
erage rate g = 1. The results of the two methods are listed in Table 1.
From Table 1, it can be seen that the method proposed in this paper
can get more accurate results.

Case 3:The measurements configuration is the same as case 1 at
coverage rate g = 1 except that the branch current measurements
on the sending end of branch 36–37 are set as bad data. The values
of bad data are listed in Table 2.

The state estimation results of the branch current measurements
and its interrelated measurements for case 3 are listed in Table 3.

According to the result listed in Table 3, we can see that the pro-
posed estimation method can automatically reject the bad data if
the branch current measurements are redundant. Therefore, no
extra bad data identification and rejection module is needed in this
method.
5.1.2. Meshed network
A meshed network (shown in Fig. 8) is formed by adding loop

branch 38–54, 58–90 and 26–56 of the 69 nodes radial distribution
system as shown in Fig. 5. The added loop branches’ parameters
are shown in Appendix A Table A4.

Four numerical tests with different branch current measure-
ments coverage rates are calculated to demonstrate the perfor-
mance of the proposed method for meshed network.

In all these tests, the mean values of node voltage, branch cur-
rent and the root injection power measurements’ errors are 0 and
their error variances are 1e�7; Error mean value of load pseudo-
measurements is 0 and error variances are 0.01. The placements
of branch measurement for different coverage rates are shown in
Appendix A Table A5.

The estimation results for tests with different ampere measure-
ment coverages are shown in Fig. 9. It shows the increasing of
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Fig. A1. Part of a real distribution network in China.
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branch current measurement coverage rate (g) can significantly
improve the accuracy of estimated load power. For weak meshed
network, this method need two extra branch current measure-
ments for each loop. So if the coverage rate g = 0, which means



Table A2
The placements of branch current measurements for different
coverage rate g in radial 69 nodes network. (

p
means the branch

current measurement existed – means not).

Branch g

1 0.6 0.3

Ln 2–3
p p p

Ln 2–27
p p p

Ln 2–27e
p p p
p p p

846 W. Wu et al. / Electrical Power and Energy Systems 43 (2012) 839–848
no branch current measurements exist, the network will be un-
observable in this method. The minimum coverage rate is 0.1
among these tests, in which there are only six branch current mea-
surements and a reasonable estimation results are gotten. From
Table A5 in Appendix A, we can see that there exactly two branch
current measurements on each loop which can guarantee the net-
work observable. If there are no enough branch current or power
measurements, power flow method could be used for load alloca-
tion instead of state estimation [8].
Ln 3–4
Ln 3–35

p p p

Ln 27–28
p p p

Ln 27e–28e
p p p

Ln 5–6
p p p

Ln 36–37
p p p

Ln 28–29
p p p

Ln 28e–65
p p p

Ln 6–7
p p p

Ln 37–38
p p p

Ln 32–33
p p p

Ln 66–67
p p p

Ln 7–8
p p

–p p
5.2. Actual distribution network

To verify the performance of estimator in practical distribution
system operation, part of the distribution system for Shenzhen city
is used in the test. The test distribution network diagram is figured
out in Appendix A Fig. A1 and operates radially. The parameters
configuration of distribution network is listed in Table 4. The
branch current measurements are real-time measurements col-
lected by SCADA system. Very few PTs have been installed on
Table A1
Base power flow of 69 nodes radial distribution system.

Bus no. Phase A Phase B Phase C

P (kW) Q (kVAr) P (kW) Q (kVAr) P (kW) Q (kVAr)

5 36.20 34.90 36.10 34.80 36.30 35.00
6 51.50 48.00 51.40 47.90 51.60 48.10
7 25.00 18.00 24.90 17.90 25.10 18.10
8 48.00 45.30 47.90 45.20 48.10 45.40
9 36.90 33.90 36.80 33.80 37.00 34.00

10 48.30 34.70 48.20 34.60 48.40 34.80
11 48.30 34.70 48.20 34.60 48.40 34.80
12 9.33 5.17 9.23 5.07 9.43 5.27
13 9.33 5.17 9.23 5.07 9.43 5.27
15 15.20 10.00 15.10 9.90 15.30 10.10
16 58.00 49.70 57.90 49.60 58.10 49.80
17 20.00 11.70 19.90 11.60 20.10 11.80
19 37.70 36.30 37.60 36.20 37.80 36.40
20 38.00 27.00 37.90 26.90 38.10 27.10
21 46.40 45.80 46.30 45.70 46.50 45.90
23 47.30 44.70 47.20 44.60 47.40 44.80
25 32.20 30.90 32.10 30.80 32.30 31.00
26 32.20 30.90 32.10 30.80 32.30 31.00
27 8.67 6.20 8.57 6.10 8.77 6.30
28 36.20 33.70 36.10 33.60 36.30 33.80
32 4.67 3.33 4.57 3.23 4.77 3.43
33 44.50 42.70 44.40 42.60 44.60 42.80
34 32.90 32.20 32.80 32.10 33.00 32.30

27e 46.70 44.20 46.60 44.10 46.80 44.30
28e 8.67 6.18 8.57 6.08 8.77 6.28

66 35.50 33.20 35.40 33.10 35.60 33.30
67 35.50 33.20 35.40 33.10 35.60 33.30
68 7.07 3.67 6.97 3.57 7.17 3.77
70 43.30 42.80 43.20 42.70 43.40 42.90
89 13.10 8.77 13.00 8.67 13.20 8.87
90 51.10 46.80 51.00 46.70 51.20 46.90
36 64.30 56.80 64.20 56.70 64.40 56.90
37 128.00 91.50 128.00 91.40 128.00 91.60
38 128.00 91.50 128.00 91.40 128.00 91.60
40 43.50 39.40 43.40 39.30 43.60 39.50
41 45.50 42.20 45.40 42.10 45.60 42.30
42 31.50 31.20 31.40 31.10 31.60 31.30
43 46.80 44.30 46.70 44.20 46.90 44.40
44 8.00 5.73 7.90 5.63 8.10 5.83
48 33.30 24.00 33.20 23.90 33.40 24.10
50 415.00 296.00 415.00 296.00 415.00 296.00
51 78.70 75.70 78.60 75.60 78.80 75.80
53 75.70 54.00 75.60 53.90 75.80 54.10
54 87.70 82.00 87.60 81.90 87.80 82.10
55 74.00 72.30 73.90 72.20 74.10 72.40
56 36.00 34.30 35.90 34.20 36.10 34.40
57 39.30 36.70 39.20 36.60 39.40 36.80
58 80.30 77.70 80.20 77.60 80.40 77.80

Ln 7–40 –
Ln 33–34

p p
–

Ln 67–68
p p

–
Ln 8–9

p p
–

Ln 8–42
p p

–
Ln 40–41

p p
–

Ln 68–69
p p

–
Ln 9–10

p p
–

Ln 42–43
p p

–
Ln 70–88

p p
–

Ln 10–11
p p

–
Ln 10–55

p p
–

Ln 43–44
p p

–
Ln 89–90

p p
–

Ln 11–12
p p

–
Ln 11–57

p
– –

Ln 55–56
p

– –
Ln 44–45

p
– –

Ln 12–13
p

– –
Ln 57–58

p
– –

Ln 47–48
p

– –
Ln 13–14

p
– –

Ln 48–49
p

– –
Ln 15–16

p
– –

Ln 50–51
p

– –
Ln 16–17

p
– –

Ln 51–52
p

– –
Ln 17–18

p
– –

Ln 52–53
p

– –
Ln 18–19

p
– –

Ln 53–54
p

– –
Ln 19–20

p
– –

Ln 20–21
p

– –
Ln 21–22

p
– –

Ln 23–24
p

– –
Ln 25–26

p
– –
breakers because of limited space, so the number of branch power
measurements are very small. The quasi-real-time power mea-
surements of load are generated from the Auto Meter Reading Sys-
tem (AMR), which are updated every 15 min. The accuracy of load
power measurements are much lower than the branch current
measurements.

The state estimation results are listed in Table 5. It can be seen
from Table 5 that the estimation results are fairly accurate for
monitoring and decision making.
6. Conclusion

In this paper, a novel state estimation method is proposed for
distribution system with large number of current measurements.
This method has following characteristics:



Table A3
Load estimation results for radial distribution at coverage rate g = 1.

Bus
no.

True value
(Phase A) (1)

Meas. Estimated result
(Phase A) (2)

Meas. est. error
(2)–(1)

P (kW) Q
(kVAr)

P (kW) Q
(kVAr)

P (kW) Q
(kVAr)

P
(kW)

Q
(kVAr)

5 36.2 34.9 37.40 36.10 36 34.9 �0.2 0
6 51.5 48 53.40 49.80 51.3 48.1 �0.2 0.1
7 25 18 25.60 18.40 23.7 16.9 �1.3 �1.1
8 48 45.3 50.90 48.10 48.2 46 0.2 0.7
9 36.9 33.9 37.00 33.90 36 33.2 �0.9 �0.7

10 48.3 34.7 51.10 36.60 48.6 34.8 0.3 0.1
11 48.3 34.7 49.20 35.30 47.2 33.7 �1.1 �1
12 9.33 5.17 9.63 5.33 8.6 4.49 �0.73 �0.68
13 9.33 5.17 9.48 5.25 8.65 4.56 �0.68 �0.61
15 15.2 10 16.20 10.70 14.9 9.62 �0.3 �0.38
16 58 49.7 61.20 52.40 59.2 50.8 1.2 1.1
17 20 11.7 20.90 12.20 19.4 11 �0.6 �0.7
19 37.7 36.3 39.40 38.00 37.9 36.8 0.2 0.5
20 38 27 38.00 27.00 36.7 26 �1.3 �1
21 46.4 45.8 48.50 47.90 47 46.7 0.6 0.9
23 47.3 44.7 49.40 46.60 47.9 45.4 0.6 0.7
25 32.2 30.9 32.90 31.60 31.5 30.4 �0.7 �0.5
26 32.2 30.9 32.90 31.60 31.5 30.4 �0.7 �0.5
27 8.67 6.2 8.68 6.21 7.97 5.57 �0.7 �0.63
28 36.2 33.7 36.40 33.90 35.6 33.2 �0.6 �0.5
32 4.67 3.33 4.76 3.40 3.96 2.68 �0.71 �0.65
33 44.5 42.7 45.40 43.50 44.5 42.7 0 0
34 32.9 32.2 34.80 34.10 33.9 33.3 1 1.1

27e 46.7 44.2 47.80 45.20 46.9 44.5 0.2 0.3
28e 8.67 6.18 8.89 6.34 8.09 5.63 �0.58 �0.55

66 35.5 33.2 37.10 34.70 36.2 33.9 0.7 0.7
67 35.5 33.2 36.50 34.10 35.7 33.4 0.2 0.2
68 7.07 3.67 7.19 3.73 6.45 3.04 �0.62 �0.63
70 43.3 42.8 43.30 42.80 42.6 42.1 �0.7 �0.7
89 13.1 8.77 13.70 9.21 13 8.52 �0.1 �0.25
90 51.1 46.8 52.10 47.70 51.3 47 0.2 0.2
36 64.3 56.8 66.30 58.60 64.5 57.1 0.2 0.3
37 128 91.5 129.00 91.80 127 90.4 �1 �1.1
38 128 91.5 131.00 93.60 129 92.1 1 0.6
40 43.5 39.4 45.70 41.50 43.8 39.9 0.3 0.5
41 45.5 42.2 48.00 44.50 46 42.9 0.5 0.7
42 31.5 31.2 33.40 33.10 30.5 30.9 �1 �0.3
43 46.8 44.3 54.60 51.70 48 47.2 1.2 2.9
44 8 5.73 8.48 6.07 7.78 5.19 �0.22 �0.54
48 33.3 24 33.80 24.30 33.5 23.5 0.2 �0.5
50 415 296 422.00 301.00 418 298 3 2
51 78.7 75.7 79.50 76.50 76.4 73.7 �2.3 �2
53 75.7 54 80.50 57.40 77.2 54.5 1.5 0.5
54 87.7 82 89.70 83.90 86.5 81.1 �1.2 �0.9
55 74 72.3 77.80 76.00 75.3 74.1 1.3 1.8
56 36 34.3 36.70 35.00 34.2 33.1 �1.8 �1.2
57 39.3 36.7 42.50 39.60 40.2 37.9 0.9 1.2
58 80.3 77.7 82.70 80.00 80.5 78.3 0.2 0.6

Table A5
The placements of branch current measurements for different coverage rate g in weak
meshed 69 nodes network (

p
means the branch current measurement existed –

means not).

Branch name g

1 0.6 0.3 0.1

Ln 2–3
p p p

–
Ln 2–27

p p p
–

Ln 2–27e
p p p

–
Ln 3–4

p p p
–

Ln 3–35
p p p

–
Ln 27–28

p p p
–

Ln 27e–28e
p p p

–
Ln 5–6

p p p
–

Ln 36–37
p p p

–
Ln 28–29

p p p
–

Ln 28e–65
p p p

–
Ln 6–7

p p p
–

Ln 37–38
p p p

–
Ln 32–33

p p p
–

Ln 66–67
p p p

–
Ln 7–8

p p p
–

Ln 7–40
p p

– –
Ln 38–54

p p
– –

Ln 33–34
p p

– –
Ln 67–68

p p
– –

Ln 8–9
p p

– –
Ln 8–42

p p
– –

Ln 40–41
p p

– –
Ln 53–54

p p
– –

Ln 68–69
p p

– –
Ln 9–10

p p
– –

Ln 42–43
p p

– –
Ln 52–53

p p
– –

Ln 70–88
p p

– –
Ln 10–11

p p
– –

Ln 10–55
p p

– –
Ln 43–44

p
– – –

Ln 51–52
p

– – –
Ln 89–90

p p p p

Ln 11–12
p

– – –
Ln 11–57

p
– – –

Ln 55–56
p

– – –
Ln 44–45

p
– – –

Ln 50–51
p

– – –
Ln 12–13

p
– – –

Ln 57–58
p

– – –
Ln 26–56

p
– – –

Ln 47–48
p p p p

Ln 49–50
p p p p

Ln 13–14
p p

– –
Ln 58–90

p p p p

Ln 25–26
p

– – –
Ln 15–16

p
– – –

Ln 24–25
p

– – –
Ln 16–17

p
– – –

Ln 22–23
p

– – –
Ln 17–18

p
– – –

Ln 20–21
p p p p

Ln 18–19
p

– – –
Ln 19–20

p p p p
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(1) The branch current measurements, voltage and power mea-
surements are all directly formulated in this method with-
out measurements transformation. Therefore, it is suitable
to be used in distribution system with large number of
branch current measurements.

(2) The power on sending end of branch and the square of
branch current magnitude are chosen as the state variables,
which make the measurement functions simple and easy to
be solved.
Table A4
Added loop branches’ parameters for meshed 69 nodes network.

Branch
name

From
bus

To
bus

Resistance (Phase A)
(X)

Reactance (Phase A)
(X)

Resistan
(X)

Ln 58–90 58 90 0.71 0.24 0.71
Ln 38–54 38 54 0.71 0.24 0.71
Ln 26–56 26 56 0.71 0.24 0.71
(3) This method can be used in radial and meshed distribution
systems.
ce (Phase B) Reactance (Phase B)
(X)

Resistance (Phase C)
(X)

Reactance (Phase C)
(X)

0.24 0.71 0.24
0.24 0.71 0.24
0.24 0.71 0.24
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(4) This method can automatically reject the bad data when the
branch current measurements become redundant, which
makes sure of robust state estimation with unbiased bad
data [17].

Due to the limitation of space in city, few PTs are installed in
MV urban distribution network. Therefore, there are few real-time
power and voltage measurements while the branch current mea-
surements are dominant. This method is designed for this situation
and has a good performance.
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